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SECTION I - Multiple Choice

Answers for this section should be recorded on the separate answer sheet
handed out with this examination paper.

QUESTION ONE

The value of 72°16 is:

(A)

B) -1
(C) —i
(D) 1

QUESTION TWO

At time t a particle is at position x and travelling with velocity v. Which of the following
expressions is NOT equal to the acceleration of the particle?

P
dt?
d_v
dt

©) 4 (4*)

() (‘é—f)

QUESTION THREE

1
Which ion i 1t ——dx?
ich expression is equal to / 12543 T

(A) tan~" (‘” ;F 1) e,

(B) tan~" (‘”;;) i C

Examination continues next page ...
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QUESTION FOUR

—

The sketch above shows cyclic quadrilateral ABC'D with /ZBAC = 30°, ZADB = 40° and
/CBD = 50°. From this information, the size of ZABD is:

QUESTION FIVE
Which of the following Argand diagrams shows the solutions of 2° — i = 07?
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Examination continues overleaf ...
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QUESTION SIX
A certain function f(z) has the following properties: f(0) =1 and lim f(z) =

Which of the following is possible for all values of z? T
(A) f"(z) >0and f'(z) >0
(B) f"(z) > 0and f'(z) <0
(C) f"(x) <0and f'(z) >0
(D) f(=) (z)

z) < 0and f'(z) <0

QUESTION SEVEN

The polynomial P(z) has real coefficients and P(0) = —1. The imaginary number « and
the real number (3 satisfy:

Pla)=0, P(B)=0 and P'(B)=0.
The degree of P(z) is at least:

(A) 2

(B) 3

(C) 4

(D) 5

Examination continues next page ...
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QUESTION EIGHT
VA

.,7

Above is the graph of y = f(x). The correct graph of y = |f(—x)| is:
(A) A (B) A

QUESTION NINE
Let z = cos@ + isin @, where 6 is acute. The value of arg(z* + 1) is:

Examination continues overleaf ...
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QUESTION TEN
Ima

-
>

Re

The Argand diagram above shows the square ABCD in the first quadrant. The point A
represents the complex number z and the point C represents w. Which of the following
represents the point B?
z+w i(z—w)
+
2 2

(A)

(B) z-;w_i(z;w)

End of Section 1

Examination continues next page ...
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SECTION II - Written Response

Answers for this section should be recorded in the booklets provided.

Show all necessary working.

Start a new booklet for each question.

QUESTION ELEVEN (15 marks) Use a separate writing booklet.

—1
i in the form x + iy, where x and y are real.
i

)
(a) Express 5

(b) Consider the region in the Argand diagram where |z — 2i| < 1 and Re(z) < 0.

(i) Sketch the region.

(ii) What range of values does arg(z) take?

2 1
(c) Use the substitution ¢t = tan(5) to help evaluate / , dz .
o l-+sinz+coszx
(d) PA
1
2 -l 1 o2 X
1‘2

The graph of y = e~
y=(1- 932)e_x2 ,

without the aid of calculus. Show all intercepts.

is shown above. Draw a one-third page sketch of the graph of

Marks

]

][]

(o] [

(e) The region in the first quadrant below y = 4z — x> is rotated about the y-axis to form

a solid. Use the method of cylindrical shells to find the volume of this solid.

Examination continues overleaf ...
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(a)

QUESTION TWELVE (15 marks) Use a separate writing booklet.
22 2
The equation — — 5= 1 represents a hyperbola. Find the eccentricity e.

(b)
()

(d)

Find the gradient of the tangent to the curve 2> — 2zy + 3y* = 11 at the point (2, —1).

Let P(2) = 2% +22° +322 + 42 + 2.
(i) Show that z = —1 is a double root of P(z) = 0.

(ii) The other two roots are complex. Use the sum and product of roots to find them.

A 1kg object is moving along the x-axis and is subject to a resistive force of %v?’ + v,
where v is its velocity in metres per second. That is, its equation of motion is

dv
V— = —%v:)’ — 0.
dx

Initially the object is at the origin, and its velocity is 3m/s.

Find v as a function of z.

An artist has created a sculpture which has a square base with side length 6 cm and
a circular top with radius 3cm. The height of the solid is 4cm. A cross-section at
height h is shown shaded grey, and a separate top view of the cross-section is shown
on the right. This cross-section is a square with the corners replaced by quadrants of
radius r. The radius r varies in direct proportion with h. That is, r = kh for some
constant k.

(i) Show that the area A of the cross-section is given by
A =36+ % (m—4)n°.

(ii) Hence find the exact volume of the solid.

Examination continues next page ...

Marks

(o] [=]

(o] [es] [=]



SGS Trial 2016 .............. Form VI Mathematics Extension 2 .............. Page 9

QUESTION THIRTEEN (15 marks) Use a separate writing booklet. Marks

(a) (i) Suppose that y = f(z) has a stationary point at x = a, and that both f(a) # 0

and f"(a) # 0. Let g(z) = ﬁ

(o) Prove that the graph of y = g(z) also has a stationary point at z = a.
(8) Show that at the stationary point the sign of g”(a) is opposite to f”(a).

(ii) v

o] [ro][=]

The graph of y = f(x) is shown above. You may assume that both f”(1) # 0

and f"(3) # 0.
1
Use the results of part (i) to help sketch the graph of y = @) Clearly show
the behaviour at any turning points, and any other significant features.
(b) 4

0
B

The diagram above shows an ellipse with foci at S and S’. Let the length of the major
axis be 2a. The tangents from points P and @Q on the ellipse meet at 7. Extend S’P
to A with PA = PS, and extend S’'Q to B with QB = QS8S.

In this question you may assume the reflection property of the ellipse.
(i) Prove that AT = ST.

(ii) Explain why S’A = 2a.

(iii) Hence prove that S'T bisects ZPS'Q.

] (=[]

Examination continues overleaf ...
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()

A B

The diagram above shows a circle with a chord AB of fixed length. A variable point C'
lies on the major arc AB. The angle bisector of /BAC meets the circle again at P,
and the angle bisector of ZABC meets the circle at Q). Let /BAP = «, /ABQ = (3
and LACB = 7.

Copy or trace the diagram into your writing booklet.

(i) Show that /PCQ =a+ (+7.

(ii) Hence prove that /PCQ is constant, regardless of the location of point C.

(iii) Give a reason why the length of PQ is constant.
QUESTION FOURTEEN (15 marks) Use a separate writing booklet. Marks
(a) Let z = cosf 4 isinf. Then, by de Moivre’s theorem, it is known that

2"+ 27" =2cosnf  and 2" —z7" =2isinnd.

Use these two results to show that

16 cos® 0sin® 0 = 2 cos O — cos 30 — cos 50

(b) (i) Solve z° = 1.

=] [=]

(ii) Let o be the complex root in the first quadrant of the Argand diagram.
Show that a* +a® +a? +a+1=0.

(iii) Find a quadratic equation which has roots (a* + a) and (o® + o?).

27

(iv) Solve this equation and hence evaluate cos <.

][]

(¢) The polynomial P(z) = z* — 223 4 222 — 10z + 25 has two complex zeroes v and i c.

(i) By considering the equations P(z) = 0 and P(iz) = 0, show that « is a root of

]

(1414)2* =22+ 5(1 —i)=0.
(ii) Solve the above quadratic and thus find all the zeroes of P(z).

=]

Examination continues next page ...
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QUESTION FIFTEEN (15 marks) Use a separate writing booklet. Marks
—1
(a) Find the locus of z given that z 1 is imaginary.
z
(b) yl\
o)
/////‘H-
.
QV
/A N
A 0 R 4 F R X

The diagram above shows the hyperbola H with vertices at A(a,0) and A’(—a,0),
and centre O(0,0). The point P(asecf,btan @) is in the first quadrant and on H.
Let F be the foot of the perpendicular from P to the z-axis. The asymptote y = gaz
intersects AP at Q(au,bu) and intersects A’P at Q'(a\,b)). You may assume p > \.
The perpendiculars from @ and Q" meet the z-axis at R and R’ respectively.

(i) Show that Q'Q = (u — \)V a2 + b2.
(ii) You may assume that AAFP || AARQ. Use the ratios of matching sides to

=] [=]

express in terms of 6 alone.

(iii) Find a similar ratio for A.

] [=]

(iv) Multiply your results for parts (ii) and (iii) and hence show that the length of
Q’'Q is constant.

Examination continues overleaf ...
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(¢) By considering (z — 2)?, show that a + 2 > 2 whenever a > 0.

(d) A 1kg mass is projected vertically upward from ground level with initial velocity V;.
As it moves it is influenced by gravity gm/s? and an air resistance equal to kv, where
v is its velocity in metres per second and k is a positive constant. Let y be its height
above ground level after ¢ seconds, with upwards as positive. You may assume that
the equation of motion is

jy=—g—kv.
(i) Show that the velocity at time t is given by
o(t) = %((1 + 5 Vp)e ™t - 1) .
(ii) Show that the time T taken to reach the maximum height satisfies
=1+ Ly,
(iii) From part (i), the velocity s seconds before it reaches the maximum height is
o(T — ) = %((1 T Eyy)eHT—) 1) .

It can be shown that v(T + s) is the velocity s seconds after it reaches the
maximum height, and that v(T + s) is negative to indicate downwards velocity.
(Do NOT show this.)

Use part (c) to help show that v(T' — s) +v(T +s) > 0.

Examination continues next page ...
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QUESTION SIXTEEN (15 marks) Use a separate writing booklet.

(a) (i) Find the values of A, B and C' such that

1 B A +BZE+C
B2 4+r+1 x+1 2 +1

dz
B+az+r+1’

N
(ii) Find and simplify I(N) = /
0

dz
B+a?+ar+17

o
(iii) Hence evaluate /
0

1
(b) Let I,, = / x"e” " dr, where n > 0 is an integer.
0

1
(i) Use integration by parts to show that I,, = 1 (e_l + In+1) )
n

(ii) Use induction to show that

1 1 1 1 1
— (=4 = 4 = - -
h=e(frgtgtotp) tyh frozl
(iii) You may assume that lim I,, = 0 and that the series in part (ii) converges to a
limit. Use these assumptions to show that
PR NS S|
e=1+ i + o1 + 31 +...

(iv) Suppose that e is rational. That is, suppose that e = 1—9, where p and ¢ are
q

integers with p > 0 and ¢ > 2. Use part (iii) to show that

(=4 1 1
plg—1)! = <kz_og> ol o s e BRI

1 1 1
+1 @ D@+2) @+ D@+ +3)

(v) Let f =

By comparing f with a suitable geometric progression, show that 0 < f < %

(vi) Hence prove that e is in fact irrational.

End of Section 11

END OF EXAMINATION
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Multiple Choice (with comments on errors)

Q 1 (D) 2016 = 4 x 504 + 0 so0 1%°1¢ =" = 1.
(A) i2017 = (B) 7:2018 —— (C) 7:2019 = —4

Q 2 (D) This is v*, and v* # a.
(A) acceleration (B) acceleration (C) acceleration

Q 3 (D) 22 +2z+3 = (z+1)% + (v2)? then use the formula for tan™!, a = v/2
(A) a wrong, wrong formula (B) wrong formula (C) a wrong

Q4 (C) LCAD =50° (angle in same segment)
L/DBA =60° (angle sum of AABD)
(A) LBDC = 30° but opposite angles of ABC'D are NOT equal.
(B) Incorrect angle sum of triangle
(D) The diagram is not to scale.

Q 5 (B) One solution must be z = i. The others are equally spaced from this.
(A)2°-1=0 (C)z°+1=0 (D)2°+i=0

Q 6 (C) f(0) < lim f(z) so f'(z) >0
thus f'(z) > 0 and lim f'(z) =0so f’(z) <0
(See the example graph on the right.)

The other options are wrong because: / X
(A) f'(@)>0  (B) f'(z) >0and f'(z) <0 (D) f'(z) <0

Q 7 (C) (B is a double root, and for real coefficients complex roots come in pairs.
(A) not just o and 3
(B) omitted @ or omitted (8 as double root
(D) P(0) = —1 does not imply an extra zero

Q 8 (B) reflect in y axis, y = | f| > 0, no restriction on z.
(A) y <0 (C) restriction on z (D) restriction on x, y < 0

Q 9 (B) angles in a rhombus Im4
Alternatively 22 + 1 = (cos260 + 1) + isin 26 RS 241
= 2cos? 6 + 2isinf cos b ) < /
= 2cosf(cos @ +isind). Y
(A) arg(z+1)  (C) arg(z) (D) arg(=) T ke
Q 10 (A) Let M be the mid-point of AC then e OM and == — %6’?4

So OB = OM + 8B = OM + i x 1 i

(B) point D (C) i x OD (D) —i x OB
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QUESTION ELEVEN (15 marks)

(a) Realise the denominator using its conjugate:
5—1 bH—1 2—1

. = . X ;
241 241 2—1

9—Ti
= L~ %— %z
VA
(b) (i) 3
<2
-1
Inside and on the circle centre 2¢, radius 1 _i o
and in the left half-plane.
(i) I
(12
s s s % N
F<arg(z) <5+ 5 >
SO T <arg(z) <3
0
(c) From ¢ = tan 5
2
df = ——dt.
1+1¢2
at =0, t=0,
at =5, t=1
2 1 ! 2
SO j/ . j/ 2 dt
0 1+sm9+cos€ 0 1+1+t2+1+§2 1+t2
(1+1)
~ llog(1 + 1)
= log
yl\

Intercepts shown at (0,1), (—1,0) and (1,0).

Even and horizontal asymptote shown.

Marks

!!H

]

H!!

E!!

=] &

<]

H!
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(e)
2
V:27r/ T X ydx
0

2
:27r/ 4% — 2% dx
0

3 5
1 1
=647 =-—=]—-0
"(3-3)
1287
V_
SO 5

Total for Question 11: 15 Marks

QUESTION TWELVE (15 marks)

(a)

For the hyperbola 5 = 4(e* — 1)
SO e’ =13

3
thus e=3

(b) Differentiate 2% — 2zy + 3y? = 11 implicitly to get
2x — 2y — 22y’ + 63’y = 0

or By—a)y =y—=x
<0 y/:y_aj
3y —x

r_ 3

and at (2, —1) y =z

(c) (i) Now P'(z) =42 +62* + 62+ 4, so
P(-1)=1-2+3—4+2

and P(—1)=—-4+6—-6+4

Hence z = —1 is a double root.

(ii) Let one root be «
then @ is also a root (real coefficients)

=V

Marks

!H! [=]

H!!

=e
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product of roots: a X @ x (—1) x (=1) =2

SO laf? =2
sum of roots: a+a+(-1)+(-1)=-2
SO Re(a) =0
hence a=1iv?2

and the roots are (—1), (—=1), i V2 and —i V2.

dv 1 3

%:—3’0 — U
SO d_x_i—?)

dv  v2+3

Integrate this result to get
- _3 -1 v
T =—ptan T o+ C
Att=0,2=0and v=3so
0=—V3tan ' V3+C

or C = %

So x % —V/3tan! %
thus tan~! % =3 %

hence v = V/3tan (g — %)

(e @)

It should be clear that r = %h.

Thus Area = square — corners + circle
=6x6—4x7r?4+7r?
=36 + (7 — 4)r?

=36 + (7 — 4) 2 h?

(i)
4
Hence V = / (36 + (m — 4) 2 h?) dh
0
4

= [36h + (7 — 4) 517,

— 144 +12(7 —4) — 0

=12(8 + )

Total for Question 12: 15 Marks

!H!

]

=]
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QUESTION THIRTEEN (15 marks)

(@) () (@)

Vertical and horizontal asymptotes

Correct behaviour at turning points

In the following, write f for f(x).

Here ¢(z) = %
dg —1 , ,
SO i 72 x f (by the chain rule)
: f'(a)
Thus ¢'(a) = ——
(f(a)’

=0 (since f'(a) = 0)

The product rule is easier, but most candidates used the quotient rule.

9" =— S _}f; x2f'f (by the quotient rule)

)P - 1f
B —

" 0— f//(a)f(a)

hence ¢"(a) =
((a))”
_ f// (a)
(F(a)”

The denominator is a square, so is positive,

hence g”(a) has opposite sign to f”(a).

(b) (i) In AAPT and ASPT

thus

LAPT = /SPT (reflection property of ellipse)

AP = PS (given)
PT =PT (common)
NAPT = ASPT (SAS)

hence AT = ST (matching sides congruent triangles)

R BIE

=]
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(i)
S’A=SP+ PA
=S'P+PS (by construction)
= 2a (property of ellipse)
(iii) («)
Likewise, S’'B = 2a and BT = ST
Hence in AS’AT and AS'BT
S'T=S8"T (common)
AT = BT = ST (proven)
S’A=S'B=2a (proven)
thus AS’AT = AS’BT  (SSS)
Hence /AS'T = /BS'T (matching angles of congruent triangles.)

LBCP = /BAP (angles in the same segment)
=«
LQCA=/QBA (angles in the same segment)
=p
Hence /QCP = a+ [+ v (adjacent angles).

(i)

20428 +~v=m (angle sum of AABC)
SO a+pf=1i(r—7)
Thus LQCP = (m—7)+~
= 3(m+7)
But + is constant (angle in the major segment)
hence LQCP = %(m+ ) is constant

(iii) ZPCQ is constant hence
QP is also constant (equal angles subtend equal chords)

Total for Question 13: 15 Marks

!H!

<]

!!H

= e

!H!
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QUESTION FOURTEEN (15 marks)

(a) Using the given results:

(b) (@)

(iii)

—1\ 3 | 2
16 cos® Osin 6 = 16 Ttz z Z
2 21

(22 4+32+32714+27%) (2 =24 277
(2% 4+ 2% =22 — 227 273 4 279)
=—1(2+2HY+(E+272)+ (" +27°)
= —1(—2cosf +2cos 30 + 2 cos 56)

= 2cosf — cos 360 — cos bl .

= N N

By de Moivre,

cis 50 = cis 2nm where z = cis 6

SO 50 = 2nm
2nm
or 0=——.
5
Hence z =1,cis 2%,Cis 2%,Cis 4%,Cis%ﬂ
a®—1=0

Slo) (a—Da*+a®*+a®*+a+1)=0 (GP theory)
hence o+t +af+a+1=0 (sincea#1)
Sum of roots: a*+a’+a?+a=-1 (from part (ii))

Product of roots:  (a* +a)(a® +a?) =a” +a® +at +o?
=a’*+ta+a*+a® (since @’ =1)
= —1 (by part (ii))

Hence a quadratic equation is 22 + z — 1 = 0.

A=5
1446
2
But « is in the first quadrant so take the positive solution.
-1 5
Thus 0/1-1—&:2(:08.%7r = +\/_
2m \/3 —1

hence cos 5= 1

SO z

N BB E

H!

!H!
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(¢) (i) Since P(a) =0 and P(ia) = 0, «v is a solution of

2t =223 4222 102 4+25=0 1]
and 2?4+ 2i2° — 222 —10iz +25 =0 2]
Subtracting [1] from [2], « is a solution of
(20 +2)2% — 422 — (10i — 10)2 =0
or  2z((1+1d)2>—22+5(1—1i)) =0
thus (14i)2* =22+ 5(1 —i) =0 (since P(0) # 0)

(ii) The discriminant is
A=4—4x(1+4+1i)x51—1)
= (61)?
2462
2(1 + 1)
14 3 1—-3:
141 141

4+ 2 —2—-4
= or
2 2

=241 or —1—-2

SO VAR

The other roots are conjugates (P(z) has real coefficients)

thus z2=2442—4,—-1+2i,—1— 2

QUESTION FIFTEEN (15 marks)

Total for Question 14: 15 Marks

(a) There are two obvious methods to do this question. Here is the first.

z—1 (z—-1)(z+1)
z4+1 |z +1]2
P -14z2-7
IR R
21 21
_ ] L2
2+ 112 |z+1)?
This is imaginary if |z|> =1 =10
provided that y # 0.

(or equivalent) —lk X

y!\

That is, a circle centre the origin and radius 1, omitting the z-intercepts.

-1
The other method is to note that arg (zﬁ)
z

+ T
2

H!

=] &

]

Marks

IR &
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(b) (i)
(Q'Q)? = (ap — aX)? + (bu — bA)?
= a?(p =N+ 0% (p—N)?
= (=)@ +v?)
so QQ=(u—Nva2+b? (since p > A).
(i) Tn AAFP || AAQR

R PF
i—R = qF (matching sides of similar triangles)
bu btan 6
SO =
ap—a  asecl —a
thus —— = tan §

uw—1 sechd—1
(iii) In AA'FP || AA'Q' R (AA)

'Rl PF
i’—R’ = 1F (matching sides of similar triangles)
bA btan 6
SO =
aA+a asecl+a
thus A tand
A+1  secf+1
(iv)
M A tan 6 tan 6
X = X
w—1 A+1 secld—1 sech+1
B tan? 6
osec?f — 1
=1
thus A= (p—1)(N+1)
or A=A+ p—A—1
SO pw—A=1

hence Q'Q=+Va2+1?

which is independent of the location of P on H.

(c) Squares of real numbers are positive, so
2
1
(az — —) >0
x
2 1
thus z* + — > 2
x
Now put a = 22 to get the result

1
a+ —>2
a
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(d)

(i) Rearrange the given equation to get

dt -1

dv g+ kv
thus t=—log(g+kv)+C (for some constant C'.)
At t=0,v=1V; so

C = %log(g + kVp)
Thus t =+ log(g + kVo) — 7 log(g + kv)
or it — 90 £Vo

g+ kv

so  gt+kv=g(l+ %Vg)e_kt

hence w(t) =

((1 + EVp)eH — 1)

(ii) At the maximum height the velocity is zero, so
(1+5Vp)e ™ —1=0

or

hence

(iii)

(T —s)+v(T+95)=

1= (1+ Evp)e ™7
ekT,=:(1'+ %‘6)

Eal s}

((1 + gvo)e—’““’“ — 1) + %((1 + gvo)e—’“T—’“ — 1)

.y (HT e kT +ks _ 1) 4 (T o=kT—ks _ 1)) (part (ii))
)

=4 (a + % - 2) (where a = e*¥)

> +(2-2) (by part (c))

> 0.

Total for Question 15: 15 Marks

QUESTION SIXTEEN (15 marks)

(a)

(i) The given equation will hold if
1=A@@*+ 1)+ (Bx+ C)(z + 1)
at x = —1 this gives
1=24 so A=3

equating coefficients of 22 gives

0=A+B

— _1
so B= B

and at x = 0 the result is

1=A4A+C

_1
SO 0—2

[Only full marks if all three correct.]

Marks
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(ii) From the results of part (i),

N
1 1
I(N):%/ SR dw
0

x+1 2241 2241
N
[log(az +1) — Llog(z® + 1) +tan_1x}
0

N | — D=

(log(N +1) — 2log(N? 4+ 1) + tan™" N)

_ (N +1)? ~1
= (log( N1 +2tan™" N

(iii) Taking the limit of part (ii) as N — oo:

> d
/ - — lim I(N)
o T°+z°+xr+1 N-ooco

o1 (N +1)? -1
= ng)noo 3 (log (71\[2 T +2tan” " N
)

1\2
7N1) +2tan—1N)

=

(b) (i) Using integration by parts /v wdr =uv — /u’v dx,
v’
v

put u=e and ="
r —x _ 1 n+1
SO u = —e alnd = n+133
n+l_—x n—l—l —x
then I, = |2— S +/ T
n+1 |, o n+1
-1 1
-0 1
_ € + / 2" Tle " da
n+1 n+1Jg
1 1
_ 147 )
n—+1 (e tdnt

(ii) (A) When n =1
LHS = £ (' + 1) (b part (i)

1 1
_ -1 - -
=e X 1!-1—1!><Il
= RHS

so the result is true for n = 1.
(B) Assume the result is true when n = k. That is, assume that

11 1 1
1026_1( + o+t —)

1
121" 3l tu) Tl ()

k!

Now prove the result is true when n = k + 1. That is, prove that

A (R ISR VIS S IR S
o= \utats TR CE Y ARCE

=

H!
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(iii)

(iv)

Now, by part (i), the result in (1) becomes

(1 1 1 _
10:61(1'4-2-1- +. +H)+_X <1+Ik+1)
=e ! 1+1+ i+ ) L
B 1" 2l k! k+1 T e

1 1 1 1 1

—1
_ — I

c (1v+2 LTI +(k+1))+(k+1)! kit

as required.

It follows from parts (A) and (B) by mathematical induction that the result is
true for all positive integers n.

Take the limit as n — oo as indicated to get
ol 1
0=E¢€ ﬁ+i+§+'”
1
but I():/e_xdx
0
1
=[]
0
=—e 141
Hence 1 —e t=¢e7! l-i—l-i-l-i—
B o203
1,11
SO e — _ﬁ+i+§+”'
PR S
Letezz—jthen
q
A L I POPIL S S S
N 2! 3l g (g+1) (¢g+2) T
Now multiply both sides by ¢! to get
pi 0 i d d g
c Mttt gt T

4!
q! 1 1
— 1) = = - - +
or pla—1) < k!) qg+1 (¢g+1)(¢+2)
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(v) Let f L : + ! +...th
v) Let f = ... then
g+1 (¢+1)(¢+2) (¢+1)(g+2)(g+3)
1 1 1
< + + + ... decrease denominators
d qg+1 (¢g+1)* (¢g+1)3 ( )
1 1
< T X T (infinite sum of a GP)
¢t 1-gm
1
< —
q
1 )
<3 (since ¢ > 2)

Also f > 0 since every term is positive. Hence 0 < f < % .

(vi) The LHS of part (iv) is an integer.
The RHS of part (iv) is an integer plus a fraction.

This is a contradiction and hence e is a irrational.

Total for Question 16: 15 Marks
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